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3 Calabi-Yau 3 K\"ahler $M$





1 ([2], [5]). $X$ 3 Calabi-Yau $\gamma$ $X$ Ricci $K$\"ahler $X$
$(p, q)$ - $\square _{p,q}$ $\zeta_{p,q}(s)$
$X$ BCOV
$7 BCOV(X):=\frac{Vo1(X,\gamma)^{\frac{\chi(X)}{12}-3}}{Vo1_{L^{2}}(H^{2}(X,Z),[\gamma])}\exp[-\sum_{p,q\geq 0}(-1)^{p+q}pq\zeta_{p,q}’(0)]$ .
$\chi(X)$ $X$ Euler $Vo1_{L^{2}}(H^{2}(X, Z), [\gamma])$ $H^{2}(X, R)/H^{2}(X, Z)$
$\gamma$
$L^{2}$




[3], [4], [7], [17].
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2.1. $A$ 3 $X$ 3 Calabi-Yau $X$ K\"ahler $\mathcal{K}_{X}$
$H^{2}(X, Z)$ $\{e_{1}, \ldots, e_{h^{1,1}(X)}\}$ $H^{2}(X, C)$ $t=$
$(t_{1}, \ldots,t_{h^{1,1}})$ : $t=(t_{i})= \sum_{i}$ tiei K\"ahler $H^{2}(X, R)+i\mathcal{K}x$ $\Theta_{H^{2}(X,R)+i\mathcal{K}_{X}}$
3 :




$\cdot)$ $H^{2}(X, Q)$ 3 $\langle\cdot,$ $\cdot\rangle$ $H_{2}(X, C)$ $H^{2}(X, C)$ Poincar\’e
$n_{0}(d)$ $X$ [19]
2.2. $\pi:y\circarrow S^{o}$ 3 Calabi-Yau
$S^{o}\cong(\Delta^{*})^{n}$ $Y_{s},$ $s\in S^{o}$ $n=h^{1,2}(Y_{s})$
$\pi:\mathcal{Y}^{o}arrow S^{o}$ Morrison [9] (maximally unipotent)
(large complex structure limit) $H_{3}(Y_{s}, Z)$
$\{A_{0}, \ldots, A_{n}, B_{0}, \ldots, B_{n}\}$ [7]:
$\bullet$ $\pi:\mathcal{Y}^{o}arrow S^{o}$ $H_{3}(Y_{s}, Q)$ $S_{0}\subset\cdots\subset S_{6}$ $S_{2k}=S_{2k+1}$
$B_{0}\in S_{0}$ , $B_{1},$ $\ldots,$ $B_{n}\in S_{2}$ , $A_{1},$ $\ldots,$ $A_{n}\in S_{4}$ , $A_{0}\in S_{6}=H_{3}(Y_{s}, Q)$ .
$\bullet$ $B_{0}$ $\pi_{1}(S^{o})$






$q_{i}:= \exp(2\pi\sqrt{-1}\frac{\int_{B}.--}{\int_{B_{0^{-S}}^{-}}^{-}})$ $(i=1, \ldots, n)$ .
2.3. $X$ $S^{o}$ 3 Calabi-Yau
$\pi:\mathcal{X}^{\vee}arrow S^{o}$ :
(i) $h^{1,1}(X)=h^{1,2}(X_{s}^{\vee}),$ $h^{1,2}(X)=h^{1,1}(X_{s}^{\vee})$ . $X_{s}^{\vee}=\pi^{-1}(s)$ .
(ii) $\pi:\mathcal{X}^{\vee}arrow S^{o}$
$S^{o}$ $\Theta_{S^{\circ}}$ 3 :
$\langle\frac{\partial}{\partial q_{\alpha}},$ $\frac{\partial}{\partial q_{\beta}},$
$\frac{\partial}{\partial q_{\gamma}}\rangle_{B}(s):=\frac{\int_{x_{s}-s}^{-}\vee^{-\wedge(\nabla_{\delta^{\frac{\partial}{q_{\alpha}}}}\nabla_{\sigma^{\frac{\partial}{q_{\beta}}}}\nabla_{\sigma^{\frac{\partial}{q_{\gamma}}-s}}^{-})}-}{(\int_{B_{0^{-s}}^{-}}^{-})^{2}}$ .
$\nabla$ Gauss-Manin $–s-$ $\pi:\mathcal{X}^{\vee}arrow S^{o}$ “3-
$–s-$
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2. $\pi:\mathcal{X}^{\vee}arrow S^{o}$ $X$ (i), (ii)
$H^{2}(X, R)/H^{2}(X, Z)+i\mathcal{K}x$ $S^{o}$ ( )
$(e^{2\pi it_{1}}, \ldots, e^{2\pi it_{h^{1,1}}})=(q_{1}, \ldots,q_{h^{1,1}})$ .
3 $\langle\cdot,$ $\cdot,$ $\cdot\rangle_{A}$ $\langle\cdot,$ $\cdot,$ $\cdot\rangle_{B}$ :
$\langle\frac{\partial}{\partial t_{\alpha}},$
$\frac{\partial}{\partial t_{\beta}},$ $\frac{\partial}{\partial t_{\gamma}}\rangle_{A}(t)=\langle 2\pi iq_{\alpha}\frac{\partial}{\partial q_{\alpha}},$ $2 \pi iq_{\beta}\frac{\partial}{\partial q_{\beta}},$ $2 \pi\dot{\iota}q_{\gamma}\frac{\partial}{\partial q_{\gamma}}\rangle_{B}(s)$.
1( $***$ ). 3 Calabi-Yau $X$
2 $(^{***})$ . Calabi-Yau
Strominger-Yau-Zaslow [1.2]
3. BCOV –
3. 1. 1 3 Calabi-Yau $X$ Bershadsky-Cecotti- -Vafa
K\"ahler $H^{2}(X, R)/H^{2}(X, Z)+i\mathcal{K}_{X}$ [1], [2]:
$F_{1}^{top}(q) \cdot:=q^{c_{2}^{\vee}/24}\prod_{d\in H_{2}(X,Z)\backslash \{0\}}(1-q^{d})^{n_{0}(d)/12}\prod_{k>0}(1-q^{kd})^{n_{1}(d)}$
, $q^{d}:=e^{2\pi i\langle d,t)}$ .
$t\in H^{2}(X, R)+i\mathcal{K}_{X},$ $n_{g}(d)$ $g$ $c_{2}^{\vee}\in H_{2}(X, Z)$ $X$ 2Chern
$c_{2}(X)\in H^{4}(X, Z)$ Poincal\’e
1. $n_{g}(d)$ Gromov-Witten Zinger
[19] $n_{g}(d)$ Gromov-Witten $N_{g}(d)$
Zinger [19] Appendix $B$
Gromov- Witten :
$\sum_{d\in H_{2}(X,Z)\backslash \{0\}}N_{0}(d)q^{d}(\log q^{d})^{3}=\sum_{d\in H_{2}(X,Z)\backslash \{0\}}n_{0}(d)\frac{q^{d}}{1-q^{d}}(\log q^{d})^{3}$ ,
$\sum_{d\in H_{2}(X,Z)\backslash \{0\}}N_{1}(d)q^{d}=\sum_{d\in H_{2}(X,Z)\backslash \{0\}}n_{1}(d)\sum_{k>0}\log(1-q^{kd})$
$+ \frac{1}{12}\sum_{d\in H_{2}(X,Z)\backslash \{0\}}n_{0}(d)\log(1-q^{d})$.




$H^{2}(X, R)/H^{2}(X, Z)+i\mathcal{K}_{X}\cong S^{O}$
$F_{1}^{top}(q)$ $S^{o}$
3 (Bershadsky-Cecotti- -Vafa $***$ ). $X$ 3 Calabi-Yau $\pi:\chi\veearrow S^{o}$
$S^{o}$ ( ) :
$7 BCOV(X_{s}^{\vee})=|F_{1}^{top}(q)|^{4}\cdot\Vert(\frac{---s}{\int_{B_{0^{-S}}^{-}}^{-}})^{3+h^{1,2}+XL}\vee 12\otimes(q_{1}\frac{\partial}{\partial q_{1}}\wedge\cdots\wedge q_{h_{\vee}^{1,2}}\frac{\partial}{\partial q_{h_{\vee}^{1,2}}})\Vert^{2}$ .
$h_{\vee}^{1,2},$
$\chi$
$\pi:\mathcal{X}^{\vee}arrow S^{o}$ (1, 2) Hodge Euler
$—s$
$\tau_{q_{1}}^{\partial_{-\wedge\cdots\wedge\frac{\partial}{\partial q_{h_{\vee}^{1,2}}}}}$. $L^{2}$- Weil-Petersson $F_{1}^{top}(q)$
5 (A )[19] 5 (B
) [5] Bershadsky-Cecotti- -Vafa Gromov-Witten
( ) [1], [2]
4 $(^{***})$ . BCOV
$g$ Gromov-Witten 3 Calabi-Yau
( ) BCOV 1-
Gromov-Witten




6 $(^{**})$ . BCOV 3 Calabi-Yau
4. BCOV
$\pi:(\mathcal{Y}, L)arrow S$ 3 Calabi-Yau -Spencer $S$
$\Omega$ $\Gamma\subset$ Aut $(\Omega)$
(Cl), (C2), (C3) :
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(Cl) $S$ $\Gamma\backslash \Omega$ Zariski
(C2) $S$ Weil-Petersson $\omega wP$ $\Gamma\backslash \Omega$ Bergman $\omega\Omega$ :
$\omega wP=\omega\Omega$ .
$\Omega$ $\Omega$ Bergman
(C3) 3 Calabi-Yau $X$
$-H^{2}(X, R)+i\mathcal{K}_{X}$ $\Omega$
$-\Gamma\backslash \Omega$ $\pi:\mathcal{Y}arrow S$ $X$
$-$ $M^{-1}$ oexp $(2\pi i(\cdot))$ K\"ahler $H^{2}(X, R)+i\mathcal{K}_{X}$






(Cl), (C2), (C3) (Cl), (C2)
[18].
$S$ oecov $(\mathcal{Y}/S)$
$7Bcov(\mathcal{Y}/S)(s)$ $:=\tau Bcov(Y_{s})$ , $s\in S$ .
7. (Cl), (C2) $\Gamma$ $\Omega$ ( ) $\Psi_{\mathcal{Y}/S}$
$7Bcov(\mathcal{Y}/S)=\Vert\Psi_{\mathcal{Y}/S}\Vert$ , $div(\Psi_{\mathcal{Y}/S})\subset\Omega\backslash \Pi^{-1}(S)$ .
BCOV
1. (Cl), (C2), (C3) BCOV $\Psi_{\mathcal{Y}/S}$ $H^{2}(X, R)+i\mathcal{K}_{X}$
$+i\infty$ BCOV Borcherds
8 $(^{*})$ . $3$ Calabi-Yau $\pi:\mathcal{Y}arrow S$ (Cl), (C2) ( (C3))
$\Psi_{\mathcal{Y}/S}$
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9 $(^{*})$ . (Cl), (C2) Calabi-Yau $K3$
(Cl), (C2)
?
10 $(^{**})$ . (Cl), (C2) ( (C3)) 3 Calabi-Yau $\pi:\mathcal{Y}arrow S$
$\Psi_{\mathcal{Y}/S}$






Gritsenko-Huleck-Sankaran $2d$ $K3$ $\mathcal{F}_{2d}$
[6]. $d>61$ $\kappa(\mathcal{F}_{2d})=19$ . $d>61$
$\mathcal{F}_{2d}$ 3 Calabi-Yau
5.1. 3 Calabi-Yau $X$ 3 Calabi-Yau $L$ $X$
$(X, L)$ 3 Calabi-Yau $\mathcal{M}$
[16]. ( $\mathcal{M}$ Calabi-Yau
) $X$ [13], [14], $\mathcal{M}$ ( Abel
$K3$ ) $K3$
12 $(^{*})$ . $\mathcal{M}$ ? $\mathcal{M}$
$(X, L)$
$\omega wp$
$\mathcal{M}$ Weil-Petersson K\"ahler $Ric\omega wp$ $\omega wP$ Ricci Quillen
$\mathcal{M}$
$-dd^{c} \log_{7}Bcov=-(h^{1,2}+\frac{\chi}{12}+3)\omega wp-Ric\omega wp$ .
$[(X_{0}, L_{0})]\in \mathcal{M}$ Def $(X_{0}, L_{0})$ $(X_{0}, L_{0})$
$\Pi_{[(X_{0},L_{0})]}$ ; Def $(X_{0}, L_{0})arrow \mathcal{M}_{[(X_{0},L_{\text{ }})]}$ Def $(X_{0}, L_{0})arrow$ Def$(X_{0}, L_{0})/Aut(X_{0}, L_{0})$
$\mathcal{M}$ $\mathcal{R}$
$\mathcal{R}:=\{[(X,$ $L)]\in \mathcal{M};\Pi_{[(X,L)]}$ $\geq 2\}$ .
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$[(X, L)]$ $\mathcal{R}$ $\Pi[(X,L)]$
$(z_{1}, z_{2}, \ldots, z_{h^{1,2}})arrow(z_{1}^{\nu}, z_{2}, \ldots, z_{h^{1,2}})$ $\nu>1$
$\mathcal{M}$ $\mathcal{R}$ $[(X, L)]$
13 $(^{*})$ . Abele $\mathcal{R}=\emptyset$ $K3$
$\mathcal{R}\neq\emptyset$ [6]. 3 Calabi-Yau
$\mathcal{R}=\emptyset$ $\mathcal{R}\neq\emptyset$ $\mathcal{R}=\emptyset$ $(X, L)$
14 $(^{*})$ . $\mathcal{R}\neq\emptyset$ $\mathcal{R}$ $\mathcal{R}_{i}$ $\nu_{i}$
$\mathcal{R}\neq\emptyset$ $\mathcal{R}$ $\mathcal{M}$ $\mathcal{R}_{i}$ $\mathcal{R}$ $\nu_{i}\geq 2$
$\mathcal{R}_{i}$ $\nu$i–l $\mathcal{M}$reg: $=\mathcal{M}\backslash$ Sing $\mathcal{M}$
:
$c_{1}(K_{\Lambda t}, \det g_{\overline{W}P}^{1})=-Ric\omega_{WP}-\sum_{i\in I}(\begin{array}{l}l-\underline{1}\nu_{i}\end{array})\delta_{\mathcal{R}_{i}}$.
$\mathcal{M}$






$H$ $\mathcal{M}$ Hodge $\mathfrak{p}:Xarrow$ Def $(X_{0})$ $\mu$ :Def $(X_{0})arrow \mathcal{M}$
$\mu^{*}H=\mathfrak{p}_{*}K_{X/Def(X_{0})}$ .
Hodge $L^{2}$- $h_{L^{2}}$ Weil-Petersson $\omega_{WP}$ $(H, h_{L^{2}})$ Chern Abel
$K3$ (
)
16 $(^{*})$ . $H$ ( ) ?
17 $(^{*})$ . $\overline{H}$ $\overline{\mathcal{M}}$ ?
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18 $(^{*})$ . Weil-Petersson $\omega wp$ Ricci $Ric\omega wp$ $\mathcal{D}_{i}$ Poincar\’e
?
19 $(^{*})$ . $\overline{H}$ $h_{L^{2}}$ $K_{\overline{\mathcal{M}}}$ $\det g_{\overline{W}P}^{1}$ Mumford [10] ?
$\omega wp$ $Ric\omega wP$ $\mathcal{M}$
$i\in I$ } $a_{i}\in Q$
$\overline{\mathcal{M}}$ :
$-dd^{c} \log_{7}Bcov=-(h^{1,2}+\frac{\chi}{12}+3)\omega_{WP}-Ric\omega_{WP}+\sum_{i\in I}a_{i}\delta_{D_{1}}$
$=-(h^{1,2}+ \frac{\chi}{12}+3)c_{1}$ (fi, $h_{L^{2}}$ ) $+c_{1}(K_{\lambda 4}, \det g_{WP}^{-1})$
$+ \sum_{i\in I}(1-\frac{1}{\nu_{i}})\delta_{\mathcal{R}_{i}}+\sum_{j\in I}a_{j}\delta_{D_{j}}$
$\mathcal{D}_{j}$ $aj=0$ $\mathcal{D}_{J}$ $nj$
3 Calabi-Yau $a=n/6$
20 $(^{**})$ . $a_{i}\in Q$
3 Calabi-Yau ( )
21 $(^{**})$ . $\mathcal{D}_{i}$ 3 Calabi-Yau ( )
22 $(^{*})$ . $\mathcal{D}_{i}$ 3 Calabi-Yau ( ) $f:(\mathcal{X}, X_{0})arrow$
$(\Delta, 0)$ BCOV Lelong
$a_{i}= \lim_{tarrow 0}\frac{\log oecov(X_{t})}{\log|t|^{2}}$
$\delta_{\mathcal{R}_{i}}\equiv c_{1}(\mathcal{O}(\mathcal{R}_{i}))$ $H^{2}(\overline{\mathcal{M}}, Q)$ $\delta_{D_{j}}\equiv$ Cl $(\mathcal{O}(\mathcal{D}_{j}))$
$c_{1}(K_{\overline{\Lambda 4}})=(h^{1,2}+ \frac{\chi}{12}+3)c_{1}(\overline{H})-\sum_{i\in I}(1-\frac{1}{\nu_{i}})c_{1}(\mathcal{O}(\mathcal{R}_{i}))-\sum_{i\in I}a_{i}c_{1}(\mathcal{O}(\mathcal{D}_{i}))$.
23 $(^{*})$ . –$\mathcal{M}$ $H^{1}(\overline{\mathcal{M}}, Q)=0$
?
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24 $(^{*})$ . $H^{1}(\mathcal{M}, \mathcal{O}_{\mathcal{M}})=0$ ?
Abel $K3$ 1
25 $(^{*})$ . $L$ $\overline{\mathcal{M}}$ $L$ $\mathcal{M}$ $m_{i}\in Q,$ $i\in I$
$L \cong Q\mathcal{O}(-\sum_{i\in I}m_{i}\mathcal{D}_{t})$ ?
$H^{1}(\mathcal{M}, \mathcal{O}_{\mathcal{M}})=0$ $\{c_{1}(\mathcal{O}(\mathcal{D}_{i}))\}_{i\in I}$
$H^{2}(\overline{\mathcal{M}}, Q)$ $Q$- :
$K_{\overline{\lambda 4}} \cong{}_{Q}\overline{H}^{h^{1,2}+_{1}x_{2}+3}\otimes \mathcal{O}(-\sum_{i\in I}(1-\frac{1}{\nu_{i}})\mathcal{R}_{i})\otimes \mathcal{O}(-\sum_{j\in J}a_{i}\mathcal{D}_{i})$
$= \overline{H}^{\frac{5h^{1,2}+h^{1,1}}{6}+3}\otimes \mathcal{O}(-\sum_{i\in I}(1-\frac{1}{\nu_{i}})\mathcal{R}_{i})\otimes \mathcal{O}(-\sum_{j\in J}a_{j}\mathcal{D}_{j})$ .
5.2. 3 Calabi-Yau
26 $(^{**})$ . $\mathcal{M}$ ?
27 $(^{***})$ . $\overline{H}$ $Q$- :
$K_{\overline{\Lambda t}} \cong{}_{Q}\overline{H}^{\otimes(h^{1,2}+_{1\dot{2}}^{X}+3)}\otimes \mathcal{O}(-\sum_{i\in I}(1-\frac{1}{\nu_{i}})\mathcal{R}_{i})\otimes \mathcal{O}(-\sum_{j\in J}a_{j}\mathcal{D}_{j})$.
(i), (ii) $a\in Q_{>0}$ $(X, L)$ :
(i) $0<a<h^{1,2}(X)+ \frac{\chi(X)}{12}+3$ .
(ii) $\overline{H}^{\otimes a}\otimes \mathcal{O}(-\sum_{i\in I}(1-\frac{1}{\nu_{i}})\mathcal{R}_{i})\otimes \mathcal{O}(-\sum_{j\in J^{a}J^{\mathcal{D}_{j)}}}$ $Q$-
(i), (ii) $a>0$
Remark 1. $K3$ Gritsenko-Huleck-Sankaran[6]
:
$\Gamma(K\frac{m}{\Lambda t})\cong\Gamma((\overline{H}^{19}\otimes \mathcal{O}(-\frac{1}{2}\mathcal{R})\otimes \mathcal{O}(-\mathcal{D}))^{m})$, $m>0$ .





28 $(^{**})$ . 3 Calabi-Yau ?
Calabi-Yau 3 Calabi-Yau
- [8]




29 $(^{*})$ . 5 ( ) $P^{1}$
?
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